I. I. INTRODUCTION
In JILA experiments,[1], [2] a mixture of two hyperfine states was found to segregate by species. The theoretical explanation [3] - [8] for this behavior is based on the two states playing the role of a pseudo-spin-1/2 system, having transverse spin waves. The theory of these new effects is based on old ideas of the transport properties of polarized homogeneous quantum gases of real spins, such as 3 He gas and solutions of 3 He in liquid 4 He, [9] , [10] transcribed to the trapped gas pseudo-spin case.
Besides spin waves, the theory for homogeneous polarized fermions or bosons led to the prediction of anisotropic spin diffusion in the degenerate state. [9] , [10] , [11] When a spin nonuniformity is longitudinal, that is, with a variation in the magnitude of the magnetization, the spin diffusion coefficient is D . On the other hand, in a spin-echo experiment, the magnitude of the magnetization is uniform but it varies spatially in direction. The corresponding diffusion coefficient, D ⊥ is less than D when the system is polarized and degenerate. Experimentally this feature has been seen, but was not always in reasonable accord with theory. [9] Further, Fomin [12] has suggested the effect should not exist. However, a recent experiment [9] has overcome several possible experimental objections and finds good agreement with theory. Moreover recent papers [13] , [14] have presented theoretical analyses that question the validity of Fomin's approach.
Thus it seems useful to see whether a similar difference between longitudinal and transverse diffusion in trapped gases might provide an alternative testing ground for this question.
However, what we show here is that the physical possibility of having differing interaction parameters between up-up, down-down, and up-down states (interaction anisotropy) provides a new physical basis for anisotropic spin diffusion for bosons even in the Boltzmann limit. [16] For longitudinal diffusion in the Boltzmann limit only up-down scattering contributes. However, in the transverse case, two spins at differing angles approach one another, and the scattering can be analyzed as being a superposition of, say, up-up and updown scattering. In the fermion s-wave case, the up-up part gives no contribution, and, in the Boltzmann limit, the diffusion coefficients are identical. In that case one must go to the degenerate limit to see the anisotropy, which then is expected to arise because the density of scattering states differs in longitudinal and transverse cases. [10] On the other hand, for bosons, for which both the up-up and down-down scattering rates do contribute, we find an anisotropy even in the Boltzmann limit, but only if the various scattering lengths differ.
We have here the interesting effect that, although both gases obey Boltzmann statistics, there is a macroscopic difference between fermion and boson behavior because of quantum statistical effects in the two-particle scattering. Moreover in the Bose case a new element enters: the interaction now introduces a spin-spin relaxation mechanism (a T 2 process) so that transverse magnetization is no longer conserved. [7] For very small relaxation times τ , the hydrodynamic relaxation rate is no longer is linear in τ ; now it diverges. For fermions it remains well behaved.
Below we first use the moments method to compute the spectra of the lowest-lying longitudinal and transverse modes. However, with that method we obtain a transverse decay rate γ ⊥ that diverges as τ approaches zero, in contrast to the usual diffusive behavior where
In this case it is necessary to solve the local hydrodynamic equations to find the correct behavior, in which the hydrodynamic solutions are localized at the low-density regions at the edges of the cloud where the collision time is longer. The result is a much smaller decay rate than that obtained with the moments method.
In helium the dipole modes were detected experimentally, but in the trapped gases it was more convenient to look at the quadrupole modes.
[1], [2] Thus we calculate both here. We have previously reported results on the dipolar modes. [15] In our previous work, Ref. 10, we derived an analog of the Landau-Silin equation for a 2×2 density operator n p (here acting in the pseudo-spin space), with effective mean-field single particle energy matrixǫ p . We can write the density and single-particle energy in a Pauli representation as n p = 1 2 f pÎ + m p ·σ and ε p = e pÎ + h p ·σ whereσ is a Pauli matrix,
give the diagonal components of the density n pi = n pii , and m p represents the polarization, which in equilibrium is along the axisẑ. We find the following approximate equation for m p :
∂m
with m pz (r) = n p1 − n p2 and n p12 (r) = n * (m px − im py ). The 2 × 2 collision integral isÎ p . The effective mean magnetic field is
whereh
In these η is 1 (−1) for bosons (fermions); M(r) = dp/h 3 m p (r); n i (r) = dp/h 3 n p (r);
V i is the external field for species i; U = 1 2 (V 1 + V 2 ); and M z = n 1 − n 2 . The t's can be evaluated in terms of the measured scattering lengths a αβ by using t αβ = 4πha αβ /m.
The equilibrium solution in the Boltzmann limit is m
where N is the total number of particles, N i is the number of species i, M = N 1 − N 2 is the total magnetization, andω ≡ (ω x ω y ω z ) 1/3 .
We have derived the collision integral for the Boltzmann case when the various interaction paramenters differ. Our expression agrees with the same quantity derived in Refs. 7 and 8, and reduces properly to previous results if all the t's are taken equal. [10] , [17] We find (σ|Î p |σ ′ ) = π h dp 1 dp 2 dp 3 δ(
We will linearize the kinetic equation for m p around the global equilibrium value m (0) pẑ and use a moment approach to compute the spin wave and diffusive damping just as done previously. [5] , [7] The linearized longitudinal and transverse equations are
∂δm
and
whereL p is the linearized form ofÎ p .
In the next section we compute results for the monopole and dipole modes. Experiments have detected the quadrupole modes which we study in the third section.
II. II. DIPOLE MODES
A. a. Longitudinal dipole.
We use a variational function of the form
withx being position in units of (βm) −1/2 ω −1 i andp i momentum in units of (m/β) 1/2 . We take the 1, z, and p z moments of the kinetic equation in both the longitudinal and transverse cases. The results for the longitudinal case, if we assume a time dependence of exp(iωt) for a 1 and a 2 , are
coming from integrating the collision integral. Eq. (8) is plotted in Fig. 1 as a function of τ ≡ 1/γ , the spatially averaged collision time. In the small ω z τ limit, one finds
which has the form of the lowest-order solution of a diffusion equation in a harmonic potential. The other solution for small ω z τ is the high frequency mode
The first of these solutions, the diffusive mode, is mainly a z mode while the second mainly a momentum dipole. For large ω z τ the solutions have roughly equal magnitudes of a 1 and a 2 with frequencies We again use the form of Eq. (7). We also assume that the effective external field Ω 0 is quadratic in position, that is, the part V 1 − V 2 dominates the density dependent part in Eq.
(3). We write
Taking 1, z, and p z moments of Eq. (6) yields the results
where ω 0 and ω are parts of the effective field:
with f σ = N σ /N, and
(19)
, and the mean-field frequency is
where λ is the thermal wavelength. Since ω 0 occurs in each equation we can remove it by including a time dependence e iω 0 t in each a i ; that is, we go into the frame rotating at ω 0 .
We assume this is done and all frequencies and will neglect this constant part. 2) For fermions, we have η = −1, so that, even if the t's are not equal, γ T = 0 and γ ⊥ = γ . In the s− wave limit only up-down scattering occurs for fermions and there can be no anisotropy in the Boltzmann limit.
3) For bosons with unequal t's, the spatial averaged transverse relaxation rate is not generally the same as the longitudinal. Moreover, we have a T 2 -type relaxation rate for If, for now, we take γ T = 0, then the lowest mode in the hydrodynamic limit (ω z τ ≪ 1)
takes the form
where
The so-called "spin-rotation parameter" from LeggettRice systems is µ =ω M τ ⊥ /M. The form of Eq. (21) is the hydrodynamic frequency as modified by spin rotation. [9] , [10] , [17] . The first term in the fraction is the effective diffusion frequency while the second is the dipole-mode pseudo-spin-wave frequency. This diffusive mode is now shifted by the effective external field, ω . This mode is the z dipole mode;
whereas the p-mode is found to be
which again diverges as τ ⊥ gets small.
For large ω z τ ⊥ we find the pair of frequencies
The effect of non-zero γ T is to allow a T 2 relaxation of the transverse spins. The results are shown in Fig. 2 , where we have set 1/τ ⊥ = γ , γ T = 0.02/τ ⊥ , andω M = ω z . In the small τ ⊥ limit, one no longer has the hydrodynamic decay rate approaching zero, but instead it diverges at the origin because Im(ω) ≈ (ω 2 z τ ⊥ + γ T ), and γ T ∼ 1/τ ⊥ . However, although suitable for finite ωτ , the moments method is inadequate in the hydrodynamic limit. It fails because the simple forms assumed for spatial dependence cannot adjust to the spatially dependent relaxation rates. One must solve local equations numerically for the spatial behavior.
To obtain the hydrodynamic equations we expand the momentum distribution in terms of Hermite polynomials
Substituting this into the kinetic equations, neglecting terms in ω , integrating over the momentum, and keeping terms lowest order in τ ⊥ gives, in the transverse case, where δM + (z, t) = c 0 (z, t) is the nonequilibrium magnetization density, J(z, t) = dp/h 3 (p/m)δm pz = c 1 (z, t) is the spin current, and γ ⊥ (z) = γ ⊥ (0) exp(−βmω However, for γ T > 0 the hydrodynamic spectrum differs qualitatively from that of the moments method calculation. As τ ⊥ → 0 the hydrodynamic dipole and monopole modes do not decay at a rate ∼ 1/τ ⊥ , but instead decay at a slower rate. For ω z τ ⊥ ≪ α = γ T τ ⊥ , the hydrodynamic equations can be Taylor expanded about the center of an effective complex potential, giving a decay rate ω z 2α log( √ α/ω z τ ⊥ ) (See Fig. 3 .) At small enough ω z τ ⊥ the The equations we find are as follows:
When all the t's are equal we have γ 3 → 9γ /5 for bosons and these equations reduce to those of Ref. [5] .
We can again consider the solutions to the equations in limiting situations. For very large ω z τ (with τ = 1/γ ) we find the the three solutions
In the small ω z τ limit we again find a diffusive mode (proportional to a second order Hermite function in z 2 ) :
as well as two higher frequency decaying modes (one in zp z and the other the Hermite in
(33) Fig. 5 gives shows the modes for all ω z τ .
B. b. Transverse quadrupole
Taking moments of the quadrupole magnetic equation Eq. (6) and again going into the frame rotating at ω 0 gives the following equations
(38)
In the case of equal values of all the t's we have ζ 2 → γ and ζ 3 → 18γ /5 for bosons. As in the dipole case the first equation represents a nonconserved monopole mode. If we take ω and γ T to zero, this equation represents the zero frequency monopole mode. We see then that a non-zero ω couples the monopole and quadrupole modes, because it arises from a quadratic external field. We will now consider solutions in various special cases. Zero values of γ T , ω M , and ω : When all three of these parameters are set to zero, we get modes that look just exactly like the longitudinal case of Fig. 5 . The diffusive mode's imaginary part goes to zero with ω z τ 2 as expected; here τ 2 = 1/ζ 2 . Two of the modes have degenerate relaxation times.
Non-zero ω M ; zero γ T and ω : With non-zero mean-field value ω M the degeneracy is now split as shown in Fig. 6 . For small ω z τ 2 , the real parts of two of the modes have finite values, ω M and ω M /2,, but the imaginary parts of those modes still diverge so that they are very short-lived. The diffusive mode, whose imaginary and real parts both go to zero as τ 2 → 0, is given, to order (ω z τ 2 ) 2 , by
This behavior is of the same form as the transverse dipole mode, Eq.(21) with the factor of 4 occurring for this higher order mode. The relaxation time τ 2 reduces to τ only when all the t's are equal or for fermions. So even ignoring the effect of γ T we would have boson diffusive anisotropy since τ 2 is not the same as τ . The monopole mode decay rate vanishes in this case. Non-zero γ T ; and zero ω : As in the dipolar case the existence of the non-conservation terms means a different behavior for small τ 2 as we now see in Fig. 7 . From the moments calculation we find again that the imaginary parts of all modes, including both monopole and diffusive, now diverge proportional to γ T ∼ 1/τ 2 . The figure shows just the imaginary parts of the monopole and diffusive, indicating that the transverse magnetization is no longer conserved for bosons. However, as in the dipole case, a more accurate analysis shows that the small τ behavior shows a divergence as log (1/ω z τ 2 ). Fermions on the other hand behave as usual, because their scattering can depend only on t 12 and not on the difference in t values. Non-zero ω ; zero ω M and γ T : The quantity ω arises from the existence of an external quadratic potential difference between the two species. Because it is quadratic, it causes a coupling between the monopole and quadrupole modes. In Fig. 8 we show the transverse quadrupole modes with a small value of ω > 0. We see that it does cause splitting between the previously degenerate relaxation times. Further, the real frequencies that vanished for small ω z τ 2 now are now finite and split with non-trivial structure. A particularly interesting feature for quite small ω z τ 2 is the near coalescing of the imaginary monopole and diffusive modes due to the quadratic coupling. The upper mixed mode mode, instead of going to zero as 4ω z τ 2 , as it did when diffusive now has half that slope as demonstrated in Fig. 9 . 
IV. IV. DISCUSSION
We have shown that rather unusual differences between Bose and Fermi gases in the Boltzmann limit can arise in spin-diffusion experiments, when the scattering lengths for dif- ferent spin configurations are not the same, and when the effective field for the transverse modes does not vanish. For fermions there is no distinction between longitudinal and transverse modes. In the fermion case to see such an anisotropy one would have to go to the degenerate limit where phase space differences would lead to a difference between longitudinal and transverse modes. [10] However, for bosons, longitudinal and transverse modes show striking differences when the scattering lengths are not the same. Indeed in the transverse case the magnetization is no longer conserved as it is in the longitudinal case; instead of a linear ω z τ dependence of the spin diffusive mode one finds a divergence.
In experiments on Rb, the interaction anisotropy is very small. To test the novel effects predicted here one might use Na, [18] which has a difference in interaction paraments; Numerically we estimate that for 23 Na γ ⊥ can differ from γ by as much as 14% with γ T /γ ⊥ ≈ 0.04.
Interaction differences might also be induced by using Feshbach resonance methods.
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